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Abstract: Through the AdS/CFT correspondence, we study a uniformly accel- 
erated quark in the vacuum of strongly-coupled conformal field theories in various 
dimensions, and determine the resulting stochastic fluctuations of the quark trajec- 
tory. From the perspective of an inertial observer, these are quantum fluctuations 
induced by the gluonic radiation emitted by the accelerated quark. From the point 
of view of the quark itself, they originate from the thermal medium predicted by 
the Unruh effect. We scrutinize the relation between these two descriptions in the 
gravity side of the correspondence, and show in particular that upon transforming 
the conformal field theory from Rindler space to the open Einstein universe, the ac- 
celeration horizon disappears from the boundary theory but is preserved in the bulk. 
This transformation allows us to directly connect our calculation of radiation-induced 
fluctuations in vacuum with the analysis by de Boer et al. of the Brownian motion 
of a quark that is on average static within a thermal medium. Combining this same 
bulk transformation with previous results of Emparan, we are also able to compute 
the stress-energy tensor of the Unruh thermal medium. 
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1 Introduction and Summary 



The radiation emitted by an accelerated charge inevitably backreacts on the charge. 
One effect, present already at the classical level, is a reaction force on the charge, that 
tends to damp its motion. But if the system is quantized, one additionally expects 
the emission of radiation to induce stochastic fluctuations of the charge's trajectory. 
In the context of a quantum Abelian gauge theory, the first effect has been explored 
in [H |2l |3l H] , and the second, in [U [5]. The discovery of the gauge/gravity duality 
[Si El E| has opened the possibility of extending the exploration to the previously 
uncharted terrain of strongly-coupled non- Abelian gauge theories. 

The first step in this direction was taken recently in [TUj [TT]. where it was shown 
that the duality allows a simple derivation of an equation of motion for a 'composite' 
or 'dressed' quark that correctly incorporates the effects of radiation damping. The 
result is a non-linear generalization of the classic (Abraham-)Lorentz-Dirac equation 
[12] that is physically sensible and (unlike Lorentz-Dirac) has no self-accelerating or 
pre-accelerating solutions. The damping effect follows directly from the fact that, in 
the context of this duality, the quark corresponds to the endpoint of a string, whose 
body codifies the profile of the non- Abelian (near and radiation) fields sourced by the 
quark, and can thus act as an energy sink. In other words, the quark has a tail, and 
it is this tail that is responsible for the damping force. 

This mechanism had been previously established in the computations of the drag 
force exerted on the quark by a thermal plasma, which is described in dual language 
in terms of a string living on a black hole geometry [TUj Q3] . The analysis of [TUl fTTj 
makes it clear that the damping effect is equally present in the gauge theory vacuum, 
i.e., irrespective of whether or not there is a black hole in the dual geometry (although, 
of course, the detailed form of the damping force is different). On the other hand, 
energy loss via the string does turn out to be closely associated with the appearance 
of a worldsheet horizon, as noticed initially in [151 EE] at finite temperature and 
emphasized in [17] for the zero temperature case. This association has been further 
studied in [HI QH [201 HQ • 

As is customary in the gauge/gravity setting, the calculation in [TQl E] treated 
the quark as a heavy particle coupled to the fully quantized gluonic (+ other gauge 
theory) field(s). In this paper we go beyond the classical description of the particle 
and study the quantum fluctuations of the quark trajectory induced by its coupling 
to the gluonic field. 

While we expect the physics of interest to us to be present under rather general 
circumstances, for simplicity we will restrict attention to the anti-de Sitter (AdS) / 
conformal field theory (CFT) subcases of the gauge/gravity duality, with the CFT 
defined on Minkowski spacetime of arbitrary dimension d. We begin in Section 12.11 
by recalling the basic entries of the AdS / CFT dictionary that are of interest to us, 
as well as the results f fT2|) - ffT5|) of [101 [11] on radiation damping for a quark that 
accelerates in the CFT vacuum. In Section 12.21 we specialize to the case of uniform 
acceleration, deriving the relevant classical string embedding (|2~T]) as a particular 
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instance of the general solution obtained in [22] , and verifying that the induced metric 
on the worldsheet contains a black hole (as had been established previously in [ISJI23]), 
a fact that plays a central role in our investigation. Such a black hole would in fact 
be present for any accelerated quark trajectory [17], but we are able to carry out the 
calculations of interest to us only in the case where the worldsheet geometry is static, 
which corresponds to uniform acceleration. 

When we go beyond the classical description of the string, two new effects are 
found, both of which are suppressed by a factor of the string length divided by the 
AdS curvature radius, or, equivalently (via 06j), by an inverse factor of the CFT 
coupling. On the one hand, we pick up the usual quantum fluctuations arising from 
the determinant of the path integral over string embeddings. These are present even 
for a static string (see, e.g., [211 EE]), and lead to spontaneous deviations from the 
average endpoint /quark trajectory of the type studied, e.g., in j2B]- On the other 
hand, the worldsheet black hole emits Hawking radiation, which populates the various 
modes of oscillation of the string. In what follows we will concentrate solely on this 
second effect, which is present only for an accelerated trajectory and is thus associated 
with the quantum fluctuations induced by the gluonic radiation emitted by the quark. 
Needless to say, in the future it would be interesting to determine the way in which 
the quark behavior is modified when both effects are combined. 

As always, small perturbations about the average string embedding (12~TT) are de- 
scribed by free scalar fields propagating on the corresponding induced worldsheet 
geometry. Our task is then to quantize these modes and establish the way in which 
the excitations generated in them by the presence of the worldsheet horizon make the 
string endpoint fluctuate. This analysis is in complete parallel with [2"T||2"8]. where the 
same question was studied for a static string on the (planar) Schwarzschild-AdSd+i 
geometry, which is dual to a static quark in a thermal bath of the CFT. It was shown 
in those works that worldsheet Hawking radiation indeed gives rise to the expected 
Brownian motion of the endpoint /quark, whose detailed form is captured by a gen- 
eralized Langevin equation. The authors of [27] reached this conclusion in arbitrary 
dimension by assuming (following [291 [30]) that the state of the quantized embedding 
fields is the usual Hartle-Hawking (or Kruskal) vacuum, which describes the black 
hole in equilibrium with its own thermal radiation. The authors of [28] focused on 
the case d = 4 and followed a different but equivalent route, employing the dual 
relation between the Kruskal extension of the Schwarzschild-AdS geometry and the 
CFT Schwinger-Keldysh formalism [311 [321 [33] , together with the known connection 
between the latter and the generalized Langevin equation. These calculations were 
later generalized and elaborated on in [3H [351 ESI [37] . 

When we attempt to run through either of these procedures for the case of a quark 
undergoing uniform acceleration at zero temperature, the analysis is complicated by 
the explicit time dependence present in the worldsheet geometry (|22|) . which is only 
to be expected, given that the velocity and rate of radiation of the quark vary as 
time marches on. It is then natural to expect the problem to simplify if instead of 
working in the coordinates appropriate for an inertial observer we transform to a 
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Rindler coordinate system adapted to an observer sitting on the quark. We therefore 
postpone the study of the string fluctuations until Section HI and dedicate Section [3] 
to a close scrutiny of the relevant transformations and their physical consequences. 
This exercise turns out to be rather interesting in itself, and sheds light on the AdS 
implementation of the celebrated Unruh effect [38] (for reviews, see, e.g., [39])- Earlier 
analyses of this implementation can be found in [T9| 123], as well as in the very recent 
work (30], which appeared while the present paper was in preparation. 

In Section 13.11 we present the bulk diffeomorphism that implements the transition 
from Minkowski to Rindler coordinates (which we denote with primes), equation (129]) . 
This transformation gives rise to an acceleration horizon both in the boundary and 
bulk descriptions. As a result, a state that is pure from the inertial perspective will 
generally be mixed from the point of view of the Rindler observers, because the field 
degrees of freedom accessible to the latter will be entangled with degrees of freedom 
in the region beyond their horizon, which they must trace over. In particular, the 
pure AdS geometry expressed in Rindler coordinates, equation ( l30l) . which is dual to 
the Minkowski vacuum of the CFT (as evidenced by the vanishing of the expectation 
value of the stress-energy tensor), is interpreted as a thermal bath at the expected 
Unruh temperature (]27[) . In Rindler coordinates, the string embedding takes the form 
(|33|) . which as expected is static and bends towards the Rindler horizon. 

In Section 13.21 we observe that the Rindler horizon of the CFT can be removed 
via a Weyl transformation. The resulting geometry ( 1371) (which we label with double 
primes) is that of the open Einstein universe. Following [4T], we identify the corre- 
sponding bulk transformation, equation ( 1391) . Unlike the diffeomorphism discussed 
in Section 13.14 it drastically alters the radial foliation of the AdS geometry. Even 
though, by construction, in this new conformal frame the acceleration horizon is no 
longer visible in the boundary description, we show that it is still present in the bulk, 
but lies at the fixed radial position that according to the AdS / CFT dictionary corre- 
sponds to the Unruh temperature (T2T1) . In other words, after the transformation (13"9~|) . 
the thermal character of the CFT state arises not from entanglement with degrees of 
freedom that lie beyond a spacetime horizon, but from the direct identification of the 
specific energy scale (|27|) as the temperature of the CFT, in exact parallel with the 
dual interpretation of the Schwarzschild-AdS geometry. 

From the doubly primed AdS metric (1401) . we can extract the expectation value 
of the stress-energy tensor in the conformal Minkowski vacuum of the CFT on the 
open Einstein geometry. The result, given in ( l4Tj) . is in complete agreement with [4"2"] . 
where this same quantity was computed in the context of a more general investigation 
of hyperbolic black holes in AdS/CFT. It was elucidated long ago [331 1331 132] that 
for even d this vev is shifted to a non-zero value as a result of the Weyl anomaly, 
which implies that the transformation that takes us from Rindler to open Einstein 
spacetime is not a true symmetry of the CFT. The AdS counterpart of this statement 
is also well understood [35] • Using this information and the results obtained in [32] 
for the conformal Rindler vacuum of the CFT on the open Einstein universe, we can 
translate back to Rindler spacetime to determine the energy-momentum tensor of the 
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Unruh thermal medium, equation (1491 ). 

We close Section 13.21 by noting that in the doubly primed coordinate system, the 
string embedding (150 p is static and completely vertical. This encourages us to carry 
out our study of small perturbations about the average string trajectory precisely in 
this frame, and in Section H] we finally proceed to do so. Interestingly, both the base 
string embedding (150]) and the background geometry fj4*0|) at the location of the string 
are found to coincide exactly with the d = 2 thermal setup analyzed in [27], which 
allows us to obtain the information we are after simply by translating to our language 
the results of that work. This close relation between the quantum fluctuations of the 
uniformly accelerated quark on Minkowski spacetime and the thermal fluctuations of 
a static quark in a thermal medium is evidently a direct consequence of the Unruh 
effect, but the reader should be aware that, for d > 2, the detailed properties of 
this thermal medium are found to differ from those of the familiar homogeneous and 
isotropic thermal ensemble dual to the Schwarzschild-AdSd+i geometry. 

In Section [4.11 we carry over from [27] the generalized Langevin equation (155]) . 
describing the way in which the thermal medium on the open Einstein geometry makes 
our quark fluctuate, and deduce its local approximation (|58p . which is valid when the 
fluctuations are examined over time scales that are large compared to the quark 
Compton wavelength. In Section 14.2] we then translate all relevant quantities back 
to the original, Minkowski (unprimed) frame, thereby concluding that the radiation 
emitted by the quark induces quantum fluctuations of its trajectory that obey the 
equations ( ]64j) -( l67j) . which constitute our main result. Within an appropriate range 
of temporal resolutions, these equations simplify to the local form ( 168]) -(ITT]). 

The most prominent feature of these equations (in either nonlocal or local form) is 
their manifest time dependence, which is in marked contrast with the static nature of 
the open Einstein thermal medium, but was of course entirely expected, given that, as 
we emphasized above, the uniformly accelerated quark plus gluonic radiation system 
is certainly not in equilibrium. Another salient property is the anisotropy between the 
longitudinal and transverse directions, which is again inherent to the definition of the 
system in the inertial frame. In this second respect, our equations of motion for the 
fluctuations of a quark that undergoes uniform acceleration in the CFT vacuum are 
somewhat akin to those of [311 EE], which considered thermal fluctuations of a quark 
ploughing at constant (and possibly relativistic) velocity through a thermal plasma. 
In our case, the anisotropy goes so far as to result in a longitudinal equation of motion 
that, unlike the transverse equation, contains a term linear in the fluctuation and is 
consequently not of generalized Langevin form. As discussed below (ITT]) , another 
curious feature is found in the signs of this and the frictional term, which in the 
longitudinal case turn out to be counter-intuitive within a certain period of time. 
Curiosity aside, the direct connection with the generalized Langevin equation in the 
open Einstein frame of course ensures that the novel longitudinal equation leads to 
physically sensible evolution. The fact that we have been able to get our hands on 
this strongly coupled physics constitutes yet another illustration of the usefulness of 
the AdS/CFT correspondence. 
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2 AdS/CFT and Uniformly Accelerated Quarks 



2.1 Basic setup and radiation damping 

According to the AdS/CFT correspondence [HI El IB] , string theory (or M-theory) on 
a background that asymptotically approaches the (d + l)-dimensional anti-de Sitter 
(AdS) spacetime3 

L 2 

ds 2 AdS = G MN dx M dx N = — (-dt 2 + dx 2 + dz 2 ) , (1) 

where x = (x±, . . . ,Xd-i), is dual to a d- dimensional conformal field theory (CFT). 
The directions x^ = (t, x) are parallel to the AdS boundary z — 0, and are directly 
identified with the CFT directions. The radial direction z is mapped holographically 
into a variable length/energy scale in the CFT, in such a way that z = and z — > oo 
are respectively dual to the ultraviolet (UV) and infrared (IR) limits of the CFT 

HUSH]. 

When AdS is radially foliated with Poincare (or horospheric) coordinates as in (CQ) , 
the dual CFT lives on Minkowski spacetime, dsQ FT = t] fiu dx fl dx u , but by choosing 
different foliations we can obtain gravity descriptions of the same CFT on other back- 
ground geometries. Any asymptotically AdS metric can be written in the Fefferman- 
Graham [19] form 

L 2 

rfs aAds = ~2 {g^u{z,x)dx ll dx u + dz 2 ) , (2) 

from which the dual CFT metric dsQ FT = g fiu (x)dx fl dx l/ can be directly read off 
as g^x) = gfiu(0,x). The full function g^z.x) is uniquely determined (via the 
Einstein equations in the bulk) from this boundary value together with data dual to 
the expectation value of the CFT stress-energy tensor T^„(x). More specifically, in 
terms of the near-boundary expansion 

M*> x ) = 9M + *9$(x) + ■■■ + + z d \og(z 2 )h^(x) + . . . , (3) 

the standard GKPW recipe for correlation functions [71 [8] leads after appropriate 
holographic renormalization to [50], [5T] (see also [52 | |53 | 151]) 

CW*)) = J L 11d + , (4) 



16ttG n 



where xjfj = V odd d, 



X® = -9^ )a , (5) 



fii/ 



r (^ 2)Q ) 2 -^ 2)a 



* (2)« (2) * (2) (2)a 
2J/i Hav 1 ^H^ivHa 



1 Cross a compact space, which will be mentioned briefly around (|6]) but will otherwise play no 
role in our discussion. 
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and xju) is given by a similar but more longwinded expression that we will not 
transcribe here. In (jSJ) it is understood that the indices of the tensors g${x) are 
raised with the inverse boundary metric g^ v {x). 

Known examples of this duality include the cases d — 2, 3, 4, 6, which involve the 
near-horizon geometries and low-energy worldvolume theories associated with systems 
of multiple D1/D5-, M2-, D3- and M5-branes, respectively [9]. For particle theory 
applications we are mainly interested in the case d = 4, where the best understood 
example equates Type IIB string theory on AdSs x S 5 (with a constant dilaton and iV c 
units of Ramond-Ramond five-form flux through the five-sphere) to M = 4 SU(N C ) 
super- Yang-Mills (SYM) with 't Hooft coupling 

A = g 2 YM N c = (6) 

Replacing the five-sphere with other compact geometries one obtains gravity duals of 
CFTs with fewer supersymmetries. For all d, we will find it notationally convenient 
to use the rightmost expression as a definition of A, and to refer to the CFT fields as 
'gluonic'. 

It follows trivially from fll]) that the string theory state described by the unper- 
turbed metric <^ is dual to a CFT state where {T^ u (x)) = 0, i.e., the Minkowski 
vacuum. The closed string sector describing (small or large) fluctuations on top of 
this bulk geometry fully captures the gluonic physics. An additional, 'quark' sector 
can be introduced into the CFT by appropriately adding to the bulk a set of Nf 'fla- 
vor' D-branes, whose excitations are described by open strings [S3]. In this context, 
an isolated quark is dual to an open string that extends radially from the AdS horizon 
at z — > oo to a position z = z m where it ends on the flavor branes. In particular, 
a static, purely radial string corresponds to a static quark, and by computing the 
energy of the former one finds that z m is related to the quark mass m through 

z m = • (7) 

lixm 

We will work in the regime where the geometry is weakly curved in units of the string 
length, L 3> l s , in which the string (or M-) theory in the bulk essentially reduces to 
supergravity, and the dual CFT is strongly coupled. We also assume that Nf <C N c 
and consequently neglect the backreaction of the flavor branes on the geometry; in 
the field theory this corresponds to working in a 'quenched' approximation which 
disregards quark loops. 

In more detail, it is really the z = z m endpoint of the string that is dual to the 
quark, while the body of the string encodes the (near and radiation) gluonic field 
profile set up by the quark. It should be borne in mind that the quark so described 
is automatically not 'bare' but 'composite' or 'dressed' [56], [TTJ , and is surrounded by 
a gluonic cloud with characteristic thickness (Compton wavelength) z m . 

The string dynamics follows as usual from the Nambu-Goto action 



•S'ng — - 

2ira 



^-y J d 2 a a/ - det h ab = J d 2 a £ NG , (8) 
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where h ab = d a X M dbX N Gmn(X) (a,b = 0,1) denotes the induced metric on the 
worldsheet. The quark worldline is identified with the trajectory of the string end- 
point, x m (t) = ^(t, z m ). We can exert an external force F on the endpoint/ quark 
by turning on an electric field F^ = Fi on the flavor branes. This amounts to adding 
to the Nambu-Goto action the usual minimal coupling 

S F = J dr A^xir^drX^r) . (9) 

The string here is being described, as usual, in first-quantized language, and, as 
long as it is sufficiently heavy, we are allowed to treat it semiclassically. In CFT 
language, then, we are at this point coupling a first-quantized quark to the strongly- 
coupled gluonic fields, and then carrying out the full path integral over the latter (the 
result of which is codified by the AdS spacetime), but treating the path integral over 
the quark trajectory x^(r) in a saddle-point approximation. 

Variation of the string action Sng + Sf implies the standard Nambu-Goto equation 
of motion for all interior points of the string, plus the usual boundary condition [57] 



H z fl (r)\ z = Zm = W Vr, (10) 

where 

ac NG Vx I {d T xfd z x^ - (d T x ■ d z x)d T x, 



j-p _ rsvj _ v - ■ -j^-J* V— J_ -^2_J_l_!l fill 

M ~ d{d z x*) ~ 2n \z 2 ^(d T x ■ d z xf - (d T xy(i + (d z xy s 

is the worldsheet Noether current associated with spacetime momentum, and we have 
defined = —F UfJ- d T x u . The latter coincides with the Lorentz <i-force (—jF ■ v,jF) 
if the parameter r is chosen to be the quark proper time, which will be understood 
henceforth unless otherwise stated. 

When the quark accelerates, it will radiate, and we generally expect this radia- 
tion to exert a damping force on the quark already at the classical level. A given 
quark/endpoint semiclassical trajectory x M (r) = A M (r, z m ) is thus determined only 
through the combined effect of the applied external force and the concomitant back- 
reaction of the gluonic fields. In [TO], [TTJ it was shown, building upon the results of 
[2"2"| ITT] , that the standard string dynamics, and in particular the boundary condition 
(1T0"|) . imply that the quark obeys the equation of motion 

jCfJ, _ _j/\_jr2dxV_ 

2-Km 2 dr 1 1 o\ 

1 A t-9 \ LZl ) 




4n 2 m 



■F 2 



This is a generalized, non-linear version of the Lorentz-Dirac equation, whose physical 
content is most clearly displayed when we rewrite it in the form 

dP" _ dp» | dP*U _ 
dr dr dr 
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where 

m dxtl — v 7 ^ tu- 
p^ = / dT 2nm - (14) 
- T 2 



47r 2 r 



is the intrisic (i-momentum of the quark (including the near-field contribution, and 
satisfying the on-shell relation p 2 = —m 2 ), and 



"^rad = V AJ ^ I dr 2-Km? f_ 

dr ' 2nm 2 \ 1 - -A^J 2 



(15) 



is the rate at which ^-momentum is carried away from the quark by gluonic radiation 
(which in the limit of infinite mass reduces to the standard Lienard formula from 
classical electrodynamics [22]). 



2.2 Solution for uniform acceleration 

As announced in the Introduction, in the present paper we would like to go one step 
beyond the classical approximation for the quark, and study quantum fluctuations 
5x^{j) induced on the quark trajectory by its coupling to the gluonic field. For this, 
in the gravity side of the AdS/CFT correspondence we need to identify the string 
configuration dual to the average quark trajectory of interest, and analyze small 
perturbations about it. 

Of course, specifying an endpoint trajectory x M (r) = X M (r, z m ) does not uniquely 
determine the full evolution of the string, just like specifying the quark trajectory does 
not uniquely determine the gluonic field profile. Both on the AdS and CFT sides, for 
any given endpoint/quark worldline there exist an infinite number of configurations, 
which differ in the boundary condition on the string/gluonic waves at infinity (or 
equivalently, in the corresponding initial conditions). As in [TT | [T0 | [TTj. we will focus 
solely on solutions that are retarded, in the sense that the string/ gluonic configuration 
at any given time depends only on the behavior of the string endpoint at earlier times. 
These are the solutions that capture the physics of present interest, with influences 
propagating outward from the quark to infinity. 

Remarkably, the retarded solution to the Nambu-Goto equation of motion on AdS 
is known for an arbitrary timelike trajectory of the endpoint/quark [22] |§ In terms of 
the coordinates used in (JTJ, and directly parametrized in terms of the endpoint/quark 
worldline x^{r) and the external d- force .F m (t) (related to x M (r) through ( TT2"j) ). it reads 

X " {T ' z) = (tK|p) (it " iT ") + x " (t) ' (16) 

Generically, a black hole is found to develop on the string worldsheet described by 
this solution [17], even though no spacetime black hole is present in the background 

2 Thc paper J22I considered a string on AdSs, but the resulting solution can be readily generalized 
to AdSd+i with other values of d. 
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geometry (pQ). The quantum fluctuations we are after will turn out to be induced 
by the Hawking radiation emerging from the horizon of this worldsheet black hole, 
in complete parallel with the thermal fluctuations determined in the analyses of the 
CFT at finite temperature [27J 1211 EH EH EI] (indeed, this parallel had already been 
noted briefly in the Introduction of [31]). It would be interesting but rather difficult 
to determine the rate of Hawking radiation for the generically dynamical black hole 
associated with an arbitrary quark worldline, so for simplicity we will specialize to 
the case of uniform acceleration, where the worldsheet black hole will turn out to be 
static (for the same reason, the studies of thermal fluctuations have been thus far 
restricted to the case where the quark is static [27J (28J EI] or moving with constant 
velocity [3l| [36] with respect to the thermal medium) . 

Henceforth we will assume that the (average) motion of the quark is purely along 
direction x = x l , and results from the application of a constant external force F = 
(F, 0, . . .), with F > 0. In this case the equation of motion (fT2|) implies that the quark 
moves with constant proper acceleration^ [TT] 



i d oc^ d oc II d j . 



and so follows the hyperbolic trajectory 



m 2 - XF2 



(17) 



4-7r 2 m 2 



X 



(t) = vM- 2 + t 2 



where for convenience we have made a particular choice of the spacetime origin. The 
proper time of the quark is then 



r = A 1 arcsinh(At) 



(19) 



Using these data as input, and defining t Tet = t(r, z m ), the general solution ( 1161) takes 
the form 



t 



ret j 



t(t ret , z) = (z- z m )-f(t rct ) a/1 + z^A 2 - v(t vct )z m A 
X(t iet ,z) = (z - Z m )"/(t Tet ) v(t iet )y/l + z^A 2 - z m A +x(t 



(20) 



^rct J j 



which upon eliminating t ret , reduces tc@ 



X(t,z) = \/A~ 2 + t 2 -z 2 + z 2 



(21) 



3 Note that when wc turn on the constant electric field needed to accelerate the quark, the 
embedding of the flavor branes in AdS changes |58j . implying in turn a modification of the relation 
between the radial location z m of the string endpoint and the Lagrangian mass of the quark. As 
a result, m in ([7]) and (|17j) must be interpreted as the effective quark mass in the presence of the 
electric field. In the case where the quark is subjected to an arbitrary time-dependent external force, 
it would be much more complicated to work out the detailed relation between the corresponding 
masses, but the same general idea still applies. We are grateful to Arnab Kundu for a discussion of 
this point. 

4 We thank Eric Pulido for help with this simplification. 
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As a (rather trivial) consistency check, notice that the endpoint trajectory X(t,z m ) 
indeed coincides with (JTSJ). This solution was also found in [ISJES], albeit continued 
all the way down to the AdS boundary z = and parametrized in terms of the 
proper acceleration of the corresponding string endpoint, which would be dual to an 
infinitely massive quark undergoing uniform acceleration. Having here obtained (l2Tj) 
as a special case of f fl6|) . we are assured that it is the unique retarded embedding that 
codifies the physics of interest to us. 

Combining ([I]) and (|2"T|) . the induced metric on the worldsheet is found to be 

j2 / J^-2 _ z 2 _|_ z 2 \ 

= —#\A-* + t*-z* + zl I' (22) 



rn 

-2 



h tz 



L 2 f tz 



z 2 \A~ 2 + t 2 - z 2 + z 2 
L 2 f A~ 2 + t 2 + z 2 m 
z 2 \A~ 2 + t 2 - z 2 + zl 



We see here that h u vanishes (indicating that the downward-pointing lightcones 
become horizontal) at z = •U ' A~ 2 + z 2 ^ = Zh, and so z^ marks the location of a 
worldsheet horizon. As promised, then, we find that the string embedding dual to a 
uniformly accelerated quark contains a worldsheet black hole. The quark/endpoint 
fluctuations Sx(t) that we intend to analyze are therefore causally connected (along 
the worldsheet) only with the z m < z < z^ portion of the stringjfl The fact that the 
geometry is static will become manifest in the next section. 

It is interesting to note that the solution ( 1221) penetrates into the bulk only up to 
z = A~ 2 + t 2 + z1 = z c (t). The full string of interest to us must of course extend 
beyond this radial position, all the way up to z — > oo, in order to be dual to an 
isolated quark, but has an inflection point at z — z c (t) (where d z X(t, z c (t)) — > oo). 
It should be possible to derive the form of the z > z c (t) portion of the embedding 
|21j . but we will not need it here, because it lies beyond the worldsheet horizon and 
therefore cannot influence the string endpoint @ 



3 Bulk Diffeomorphisms and the Unruh Effect 
3.1 Rindler coordinates 

Having determined in the previous section the string embedding dual to a quark that 
on average follows the uniformly accelerated trajectory ffTS]) . we would next like to 

5 The endpoint can of course also be causally connected to the rest of the string along spacetime 
trajectories outside the worldsheet, but emission/absorption of the closed string modes that could 
carry information along such trajectories is suppressed in the large N c limit. 

6 Anothcr possibility is to complete the embedding (p?Tj) with its reflection across x — 0, in which 
case the full string lies at z < z c (t) and is dual to a quark-antiquark pair, with the particles uniformly 
accelerating back-to-back. Indeed, this is the presentation in which (f2Tj) was found in |19) . 
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study quantum fluctuations 5x(t) induced by the coupling to the gluonic field. For 
this purpose, following f27\ ¥ZE\ we must determine the way in which the Hawking 
radiation emanating from the worldsheet horizon at z — Zh populates the various 
modes of oscillation of the string, thereby making the endpoint /quark jitter. It will 
turn out to be easier to address this calculation in coordinates different from those 
seen in fl22l) . so in this subsection and the next we will present the relevant bulk 
diffeomorphisms and explain their CFT interpretation. Along the way, we will learn 
some lessons about the implementation of the Unruh effect in the context of the 
AdS/CFT correspondence. 

For starters, it is natural to expect our problem to simplify if we switch to a 
coordinate system adapted to an observer sitting on the quark. To this end, we 
rewrite the CFT in terms of the Rindler coordinates [391 EH] 

t = A' 1 exp(Ar') smh(At') , x = A~ l exp(Ar') cosh(At') , x ± = x' ± (23) 

(x' here is the frequently used tortoise longitudinal coordinate, related to Rindler's 
original choice through x' = A -1 exp(Ax')). As (t',x',x'j_) range over the interval 
(—00, 00), they cover the right Rindler wedge (x > \t\) of the original p-dimensional 
Minkowski spacetime. The CFT line element takes the Rindler form 

ds 2 CFT = e 2Ax ' {-dt' 2 + cfe' 2 ) + dx' 2 . (24) 

From the point of view of an inertial observer, the worldlines with constant (x' , x' ± ) de- 
scribe a family of uniformly accelerated observers with proper acceleration A exp(— Ax') 
and proper time t' exp(Ar'), so as desired, in the new coordinate system our quark lies 
at the fixed position x' = 0, x' ± = and has proper time t'. In accord with the equiv- 
alence principle, objects in this frame are immersed in a gravitational field analogous 
to that of an infinite flat Earth located at the x' — > — 00 (x' = 0) plane, and so tend 
to fall to the left. This effect manifests itself in various ways, and leads in particular 
to an x'-dependence in the local temperature that we will shortly determine. 

The form of the relation between t and t' implies that inertial and accelerated 
observers will disagree in their identification of positive frequency modes, and con- 
sequently, in their definition of the CFT vacuum. We will denote the corresponding 
vacua by \Q) (Minkowski) and (Rindler). For the accelerated observers, who 
follow orbits of the timelike Killing vector £ — df, there is a horizon at the edge of 
the Rindler wedge, x — \t\, or equivalently, x' —> —00, with surface gravity 

h = ~\ (V^VT) horizon = A . (25) 

As a result, a state that is pure from the inertial perspective will generally be mixed 
from the point of view of the Rindler observers, because the field degrees of freedom 
in the Rindler wedge will be entangled with degrees of freedom in the region beyond 
the horizon, which are traced over. In particular, the Rindler observers will interpret 
the Minkowski vacuum \Q) as a thermal bath [38l |39| |4"5] with local temperature 

IV) = k " = Tuexp(-Ar') , (26) 



11 



where 

T V = A (27) 

denotes the Unruh temperature, which directly gives the temperature of the bath at 
the (average) location of our quark. 

More specifically, given a set of local operators Oi(x'^) evaluated in the right 
Rindler wedge, the Unruh effect essentially amounts to the statement 

WO^x?) ■ ■ ■ O n (a%)\Sl) = Tr (e-^OxOtf) • ■ ■ O n {x'H)) , (28) 

where H' = —P t t = —A(xPt + tP x ) denotes the Rindler Hamiltonian (the generator 
of translations in t'), and the trace runs over all Rindler states. This equivalence is 
often discussed explicitly in terms of free scalar fields, but has been proven to hold 
for an arbitrary interacting field theory on flat space [59] . 

As noted below (TTJ, when AdS is radially foliated in terms of Poincare coordinates, 
the bulk point x M of the leaf at each radial position z is directly identified with the 
point x M of the CFT, so the bulk transformation dual to (123!) is simply 

t = A- 1 exp(Ax') smh(At') , (29) 



x 



A" 1 exp(Ax') cosh(At') 



X± — Xj_ , 

z = z' 



which reexpresses the metric ([T]) in the form 



d s \ dS = ^ \e 2Ax ' (~ dt ' 2 + dx ' 2 ) + dx ± 2 + dz ' 2 } ■ ( 30 ) 

From (j3J) it follows trivially that the spacetime ( 130]) describes the CFT state where 

(T^(x')) = , (31) 

namely, the Minkowski vacuum This assignment might seem to conflict with the 
statement ( 1281) . but the stress-energy of the expected thermal medium does manifest 
itself in the difference 

(T^(x>)) mcdmm ee (niacin) - (Qf\T^)\af) = -(n'\T^x')\n') . (32) 

In other words, the Rindler vacuum is naturally assigned a negative energy den- 
sity, reflecting the absence of the thermal medium [60] • We will return to this point in 
the next subsection, where a further bulk transformation will enable us to determine 



7 Strictly speaking, the trace on the right-hand side is not well-defined in the field-theoretic 
context, so the reinterpretation of the left-hand side as a thermal state must be stated in terms of 
a KMS condition. 
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In (1301) we find an acceleration horizon at x' -)■ -oo just like in (1241) . extending 
in the radial direction as a reflection of the fact that the CFT horizon equally affects 
all gluonic modes, from the extreme UV (z = 0) to the deep IR (z — > oo). The 
associated Unruh temperature is again ( }2Tj) . 

In the primed coordinates, the string embedding ( T2T1) translates into 

X'(t> >') = ^ln(l- A\z' 2 - 4)) , (33) 

which as expected is at rest. The fact that the string is not vertical but bends towards 
—x' is a reflection of the fact that a purely radial embedding would not have minimal 
area: just like in the CFT, trajectories at fixed x' are non-geodesic, and objects in this 
frame tend to fall towards the left (aside from being attracted upward, toward larger 
values of the radial coordinate, which they were already in the unprimed frame). 

Since our string lives on the Rindler-AdS spacetime fl30]) . we expect it to be 
exposed to a thermal medium. To see this in more detail, notice that the point (t, z) 
on the string embedding (|2T|) follows the hyperbolic trajectory x 2 —t 2 = A~ 2 — z 2 + z 2 ^, 
which from the CFT perspective corresponds to the ^-acceleration (defined in (|17|) ) 
Aqft( z ) = 1/ \/ A~ 2 — z 2 + z^, and from the bulk perspective corresponds to the 
(d + l)-acceleration 

A AdS (z) = y/{U M D M U N ){U p D P U N ) = j^Jl + A 2 CFT (z)z 2 , (34) 

with Dm the bulk covariant derivative and U M the proper (d + l)-velocity. The AdS 
version of the Unruh effect predicts that an observer undergoing such motion will feel 
immersed in a thermal medium with local temperature [HH E3] 

TM^^P^^>. (35) 

It is easy to check that, up to the factor of z/L arising from the difference in proper 
times for the CFT and AdS observers, this is precisely the expected CFT temperature 
(I26p at the location x' assigned to the point z' — z of the string by the embedding 

The induced worldsheet metric reads 

he* = -p* (l - A 2 (z' 2 - z 2 m )) , (36) 
fk'z' = 0, 

Z ' Z ' z> 2 {l-A 2 (z> 2 -zl))> 

corresponding to a manifestly static black hole with horizon at z' = Zh, and associated 
Unruh/Hawking temperature again given by ( l27l) . 
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3.2 Removing the Rindler horizon via a change of conformal 
frame 

The presence of a Rindler horizon in the CFT arises from the exp(2Ax') factor in the 
line element ( 1241) . so the fact that we are dealing with a conformal theory presents 
us with an interesting possibility: we can remove this factor from the (t',x') portion 
of the metric via a change of conformal frame. To be more precise, among the 
infinite number of different conformal frames available to an observer sitting on the 
quark, we can choose the one related to ( 124)) via the specific Weyl transformation 
cLsq FT — > exp(— 2Ax')cLsq FT , to be left with 

ds 2 CFT = -dt" 2 + dx" 2 + e~ 2Ax "dxf . (37) 

By definition, Weyl transformations locally rescale the metric while leaving the co- 
ordinates untouched]^] nevertheless, we have relabeled the coordinates with double 
primes instead of primes because this will shortly prove convenient. The line ele- 
ment f )37|) is that of the open Einstein universe, R x H d ~ l . Our parametrization 
of the hyperbolic space is related to the standard Poincare (or horospheric) coordi- 
nates through x" = A~ l exp(Ax"), and to the perhaps more familiar (k = —1) static 
Robertson- Walker form of the line element through 



Ar^ 

cosh x" — sinh \" cos 9" 
„ A" 1 sinh x" sin 0" cos 9% 



x = 

2 „„„u „ ,// „:„u „,//„„„ an ' v 



cosh x" — sinh x" cos 9" 

A' 1 sinh x" sin 9'[ ■ ■ • sin &' 
cosh x" — sinh x" cos 9" 

Naively, the possibility of removing the horizon might make it seem like the in- 
terpretation of the Minkowski vacuum as a thermal state depends on the choice of 
conformal frame, in which case the Unruh effect would somehow not be fully present 
in a CFT. This issue was explored in the free field context a couple of decades ago 



8 For maximal clarity, we note that, in the GR literature, these mappings are directly called 
conformal transformations, but it is frequent in the CFT and string theory literature to reserve 
the latter denomination for mappings that leave the metric untouched while pushing the points of 
the manifold around in a way that preserves angles. In either presentation, these transformations 
generally induce position-dependent rescalings of proper lengths, and are therefore distinct from 
conformal diffcomorphisms (or conformal isometries), which transform both the metric and the 
coordinates leaving proper lengths invariant. A conformal transformation, in the second sense of the 
phrase, can always be pictured as a conformal difFcomorphism composed with a Weyl transformation 
chosen to bring the metric back to its original form. It follows then that, in any theory invariant 
under diffeomorphisms, Weyl invariance implies conformal invariance, but the converse holds only 
in 2 dimensions, because for d > 2 conformal transformations constitute only a finite-dimensional 
group (e.g., SO(d, 2) for conformally flat metrics). 
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[5j . We will now show that new light is shed on this question for the case of 
strongly-coupled CFTs when we examine it on the AdS side of the correspondence. 

As was first explained in detail in [4T|, arbitrary Weyl transformations in the 
CFT are dual to bulk diffeomorphisms which preserve the Fefferman- Graham form 
(j2J) of the bulk metric. Concretely, g^x) — > exp(2cu(a;))5' /Ji/ (x) corresponds to a bulk 
transformation involving z — > exp(u)(x))z and a compensating change in x^ that 
prevents the appearance of a z-fi cross-term in the bulk metric. (So, taking this 
family of bulk diffeomorphisms into account, a given bulk metric is understood to 
induce not a specific boundary metric, but a specific boundary conformal structure 
[8].) In particular, the Weyl transformation leading from (EIJ to (|37|) is dual to a 
bulk diffeomorphism that changes the radial foliation according td^l 



t' 



x 



x 



t'' 



x" + A" 1 In + A 2 z 2 m \/\- A 2 z"' 



A 2 :-/2 />"» 

- -1- s^rry-l «A/ 



l + A 2 zlz"exp(Ax") . 



(39) 



This converts the metric (130]) into 



T 2 

d<? - — 

as AdS ~ z „i 



A 2 z" 2 



dt » 2 + dx » 2 + e - 2Ax "dxf + 



U" 2 



A 2 z' u 



(40) 



which indeed gives rise to (|37|) at the boundaryl^l 

It is clear from this line element that the acceleration horizon is still present in 
the bulk, and still has an associated Unruh temperature (j27|) . but now lies on the 
fixed radial plane z" = A^ 1 = 2ir/Tu, which explains why it is no longer visible as 
a horizon from the CFT perspective. In other words, in this new conformal frame, 
the thermal character of the CFT state arises not from entanglement with degrees of 
freedom that lie beyond a spacetime horizon, but from the direct identification of the 
specific energy scale Xu as the temperature of the CFT. 

For the case d = 2 (where we are dealing with AdSa), and under an appropriate 
periodic identification of the x" coordinate, the metric PU]) is that of the BTZ black 
hole [62| [63] . In our case, however, x" is non-compact, and so what we have, for all 
values of d, is naturally not a black hole but just a portion of AdS^+i. 

Using 01]), we can deduce from ( 140]) the expectation value of the stress-energy 



For later convenience, we also include here a rigid rcscaling of the transverse directions. 
10 And can be brought back to Fefferman-Graham form through the trivial bulk diffeomorphism 
7 = f/(l + A 2 z 2 /4). 
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tensor of the CFT in the open Einstein universe (1371) . 



o 

LA 2 
L 3 A 4 
L 5 A 6 



diag(-l, 1) 



diag(-3, 1,1,1) 



128ttG 



(•) 



diag(-5, 1,1, 1,1,1) 



d odd 
d = 2 

d = A 

d = 6 



(41) 



This is in complete agreement with the results of (42] , where these stress tensors were 
obtained in the context of a more general investigation of hyperbolic black holes in 
AdS/CFT (whose conclusions will be of further use to us below) 

We notice from (14 lj) that, in even dimensions, the expectation value is nonva- 
nishing in spite of the fact that we are in the state that is conformally related to 
the Minkowski vacuum. The reason is of course well-understood: our CFT is classi- 
cally Weyl invariant, but at the quantum level this symmetry is anomalous precisely 
for even d [64] (for reviews see, e.g., [HI [65])- This is evidenced by the fact that, 
when the theory is defined on a curved background with metric g^, the trace of the 
energy-momentum tensor is generically non-zero, 



■R 



247T 

1 

16vr 2 



d 



a 



1 ^pvXp 1 L 



IR^BT + -R 2 



(42) 



& [ R^x P R^ xp - ±R^ U + R 



d 



(and similarly for d — 6), where c, a, (3 are numerical constants that depend on the 
field content. 

One of the most impressive pieces of evidence supporting the AdS/CFT correspon- 
dence is the fact that the Weyl anomaly can be reproduced from the dual classical 
gravity setup, as was first demonstrated in [46J (following a suggestion of [8]). Indeed, 
the energy- momentum tensor (J4]), derived by functional differentiation of the appro- 
priately renormalized gravity action (i.e., Einstein-Hilbert plus counterterms chosen 
to eliminate the IR divergences), has a trace that agrees with (T42|) . with 



3L 



nL 3 



2G 



(3) 



a 



8G 



(5) 



-P. 



(43) 



These coefficients can be shown to coincide with those expected at weak coupling 
(and in the large N c limit) for the field content of the CFT, in every case where the 



11 The case d = 4 was also considered very recently in [40], which appeared while the present paper 
was in preparation, but the result of that work differs from ours by an overall factor of exp(— 2Ax")/2. 
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latter is known (e.g., for TV = 4 SYM, a = —/3 = N 2 /A) [16]. On the gravity side, the 
Weyl anomaly translates into the statement that, generically, the diffeomorphisms 
dual to Weyl transformations of the CFT |?T] are not true symmetries of the theory. 

It is easy to check that, for the Rindler metric (l24"j) and open Einstein metric fl37|) . 
the geometric expression for the Weyl anomaly vanishes (the first case is flat, and 
hence trivial). This is consistent with the fact that the corresponding stress tensors 
([3"Tj) and (T4"Tj) are traceless, and implies that, starting with either of these backgrounds, 
infinitesimal Weyl transformations are true symmetries. But in going from the primed 
to the doubly primed frame we have made a finite Weyl transformation, which is not 
a true symmetry because the anomaly happens to be non-zero for all metrics 'in 
between'. This is the origin of the anomalous shift in the energy- momentum tensor. 

In more detail, for a theory that is classically Weyl-invariant, the transformation 
g —t g = exp(2u)g, with g a flat metric, induces a change in the energy- momentum 
tensor that follows directly from integration of the Weyl anomaly. E.g., for d = 4 

ESI 



g N " ,y 16tt 2 



(44) 



where 



H$ = -2V ll V u R-2g^V 2 R + ^g ilu R 2 -2RR llu , 

2 1 1 

H^J = —R^Rpu + -RR^u + -R\ P R Xp gtny — -^R 2 g^,u ■ (45) 

Since AdS / CFT correctly reproduces the Weyl anomaly, the energy- momentum ten- 
sor (j4]) should automatically transform in this manner. This was verified in [50] for 
infinitesimal Weyl transformations about an arbitrary metric. In our setting, given 
the fact that (T') = in the Minkowski vacuum, and the form of the metrics (124"1) 
and ( 1371) . it is straightforward to verify that the doubly primed tensor (14 ID indeed 
has the form expected from the finite Weyl transformation, and in particular satisfies 
(T44|) when d = 4. 

The shift in the energy-momentum tensor induced by the Weyl anomaly is purely 
geometric, and therefore independent of the state in which the expectation value 
is computed. In particular, (jUJ) holds equally for the Minkowski vacuum \Q) and 
the Rindler vacuum This implies that the stress tensor of the Unruh thermal 

medium, defined in (1321) as the difference between the Minkowski and Rindler expec- 
tation values, is related to the corresponding difference in the open Einstein universe 
simply through 




(O mcdium = W4r (WM - (Q'\T''\Q') . (46) 



The conformal Minkowski vev in the right-hand side of the preceding expression is 
already available to us in ( 14T|) . Direct field-theoretic analysis shows that the conformal 
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Rindler vev vanishes for d — 4 [33]. The corresponding result for arbitrary d was 
deduced in [32] via AdS/CFT. That paper considered an infinite family of hyperbolic 
black holes in AdS^+i parametrized by their temperature. The translation of these 
solutions to our language involves the usual inversion of the radial coordinate, r — >■ 
z = L 2 /r, followed by the bulk diffeomorphism x^/R —> Ax 11 , z/R —> Az (which is 
dual to a conformal transformation in the CFT), to be left with 



L 2 

<^ s AdS-BH = "J! 

z" 



1 _ A 2 z" 2 - -^A d z" d ) dt" 2 + dx" 2 + e- 2Ax "dxf 



L d-2- 



dz" 2 



1 - A 2 z" 2 - -^A d z" d 



(47) 



with fi a mass-density parameter that controls the black hole temperature Tbh- The 
case \i = clearly coincides with our pure AdS metric (14*01) , and was indeed identified 
in [32] as dual to the conformal Minkowski vacuum of the CFT on the open Einstein 
universe. The zero temperature, extremal, solution has [ijL d ~ 2 = —2(d — 2) d ^ 2 ~ 1 /d d ^ 2 , 
and was argued in [32] to be dual to the conformal Rindler vacuum@ The correspond- 
ing stress tensor is 

jd-\\d ( 2e° o(rl — 9W2-1 

<nKJ!r> = " 5* 1 Ai ^ d - 1. 1. ■ ■ ■ . 1) . (« 

with e ^ = for odd d, and e? d ^ — (d — l)!! 2 /<i! for even d. 

Using ( 14T|) and ( )48l) in ( 146|) we can finally deduce the stress-energy of the Unruh 
thermal medium detected in the Minkowski vacuum by the Rindler CFT observerf^l 

(A — 0W2-1 r d-i Ad 
(TP^ = 1 - dd/2G (d + i) e- dAX " dia §( rf -LI 1) ■ (49) 



5- 



N 



We notice here the expected divergence (oc x"~ d ) of the local energy density as the 
Rindler horizon is approached [60] . 

Now that we understand the precise meaning of our coordinate transformation, 
let us shift our focus back to the behavior of the quark/string. In the doubly primed 
coordinates, the string embedding fl33|) is simply 



X"(t", z") = , (50) 

which is not only static but also vertical. This reflects the fact that in the new 
conformal frame there is no longer a gravitational potential pulling objects to the 
left. Notice that the spacetime geometry ( 1401 at the location of the string, which is 
all that is relevant for the small string perturbations that we will compute in the next 



12 More generally, the geometry (|47|) is dual to the state of the open Einstein CFT conformal to a 
thermal ensemble of the Rindler observer at temperature Ibh- 
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This result was also implicit in [42] , but the Unruh effect was not a central concern in that work. 
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section, makes no distinction between the directions x" and x'J_, so the dual quark is 
immersed in a thermal medium that (to first order) is isotropic. The string endpoint 
is at z" = z m j ^/l + A 2 z^ n = z'^. As explained in (SB] HTj . in the CFT the length z^ 
gives the characteristic size of the 'gluonic cloud' surrounding the quark, or in other 
words, the quark Compton wavelength. 

The induced worldsheet metric now directly coincides with the (t", z") block of 
the spacetime metric, 

hw = ~ (l-A'j, (51) 
ht" z " = 0, 

h z " z " = (l ~ ^z" ) > 

and so displays the same horizon at z" = A^ 1 = z'^. Notice, however, that, because 
the worldsheet is only 2- dimensional, the line z" = A^ 1 (presented either in the 
unprimed, primed or doubly primed coordinates) is an event horizon, and the region 
behind it is a true black hole. The small fluctuations 8X"(t", z") that are of interest 
to us are free massless scalar fields that propagate on this geometry, and, just like in 
[271 128] . get excited by the Hawking radiation emanating from the horizon. 

Combining (129]) and fl39l) . the relation between the unprimed and doubly primed 
coordinates is seen to be 

t = A^\/l + A 2 z 2 m Vl - A 2 z" 2 exp(Ar") sinh(At") , (52) 
x = A- Vl + A 2 zlVl - A 2 z" 2 exp{Ax") cosh{At") , 

X ± = y/l+A 2 Z 2 m x'l , 

z = y/l + A 2 z^z"exp{Ax") . 

This transformation was written down already in [63] , and considered in the AdS / CFT 
context in [TH] (as well as in the very recent work [10], which appeared while the 
present paper was in preparation), but its precise CFT interpretation had not been 
previously elucidated. 

4 Quantum Fluctuations of the Accelerating Quark 

4.1 Langevin equation in the Unruh medium 

We are now ready to determine the form of the quantum fluctuations of the string 
endpoint, by examining how small perturbations of the string embedding get excited 
by Hawking radiation emanating from the worldsheet black hole. Clearly it will be 
easier to perform this calculation in either the primed or doubly primed coordinate 
systems defined in the previous section, where the black hole geometry is manifestly 
static. From the analysis of the previous section we know that the doubly primed 
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setup should be directly dual to a static quark in a thermal medium that to zeroth 
order looks isotropic at the location of the quark, so it is natural to expect the 
computation in this system to run in complete parallel with the analyses of thermal 
fluctuations in [27] [28] . 

As a matter of fact, we can notice that, for the case d = 2, the string embedding 
( 150]) and the spacetime metric ( 140]) at the location of the string coincide exactly with 
the corresponding metric and embedding considered in Section 2.2 of [27], under the 
identifications 

t = ^there j X = Xthere > Z = , L — £ , A = —r- , Z = . (53) 

r i z r c 

The embedding of the flavor branes is different: whereas in [27] they cover the region 
of AdS between the boundary and the z" = z^ plane, in our case they extend up to 

z" = - (54) 

which is the image of the unprimed locus z = z m . This implies that at the average 
position of its endpoint, x" = 0, our string should satisfy a Neumann boundary 
condition along the line z" = z^l—Ax"), instead of simply along z" . This distinction, 
however, is itself of first order in the perturbation about the string embedding ( 150]) . 
and consequently negligible at our level of approximation. For d = 2,we can therefore 
carry over to our setting the worldsheet perturbation analysis of [27] and the resulting 
Langevin equation describing the evolution of thermal fluctuations of the quark along 
the single spatial direction x". 

For d > 2, our doubly primed metric ( 14"U]) differs from the corresponding metric in 
|27j . because the latter involves exponents that depend on d. But the only novelty in 
our calculation is the presence of the transverse fluctuations 5X"(t", z"), which, given 
the isotropy of the spacetime metric ( I40p at the location of the string, must evolve in 
exactly the same way as the longitudinal fluctuations SX"(t" , z"), whose behavior is 
already known to us via the contact with the d = 2 case of [27] . 

For arbitrary dimension, then, we find that as a result of the thermal medium 
present in the doubly primed system, the position of the quark fluctuates in such a 
way that both longitudinal and transverse perturbations obey the generalized non- 
relativistic Langevin equation 

™*^r(0 + J Js"vVs")^(s") = //'(*") , (55) 

where m" = ^/X/2irz^ l = y/l + A 2 z% l m and //' is a random force with statistical 
averages 

(//'(*")> = , (//'(*") W)> = 5^"(t"s") ■ (56) 
The friction kernel rj"(t") and the stochastic force correlator n"(t") (respectively de- 
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noted m^y(t) and n(t) in [27]) can be specified in terms of their Fourier transforms 14 ! 
rj"(u) = J dt"rj"(t")e^" = im"u; + ^l ^— ) 



2 



2nm" 



/oo / \ 
7,// ///,// \ icdt" v 
at k (t )e = 



1 + 4^77? / exp(^}) - 1 



These two functions are connected through the fluctuation-dissipation relation [27] 125] 
2Rer]"(u) = [(exp(\u>\/Tu) — l)/\u}\]n"(u)). If we study the fluctuations over time scales 
much larger than the quark Compton wavelength, At" 3> z^,we can approximate (137)1 
by its low-frequency form (u <C 2nm" j 'vA), and then (1551) reduces to the standard 
local Langevin equation with white noise, 

d?8r" dSr" 



where ^ = t/V = 0) = 2ttVA7^, «g = k"(w = 0) = 4ttVAT^ ancO m' t ' h = m"(l - 
XTy/m" 2 ). The force correlation strength /Cq obtained here coincides with the result 
derived previously in [Tj5], in the context of a momentum broadening computation f^l 



4.2 Langevin equation for an inertial observer 

Having understood the way in which the thermal (Unruh) medium in the doubly 
primed frame makes our quark fluctuate, we can now transform back to the unprimed, 
inertial frame, to obtain the radiation-induced quantum fluctuations which are our 
main interest. For this purpose we need to relate the corresponding fluctuating string 
embeddings 

Xtf, z) = y/A~ 2 + t 2 + z 2 m -z 2 8 iX + 6Xi(t, z) <— > X?(t", z") = + 5X'/(t", z"), 

a task which requires two separate steps. First, using ( 152]) evaluated at the location 
of the string, x" — 0, we recognize that the coordinates on the worldsheet transform 

14 Notice that, by causality, r)"(t") is understood to vanish for negative argument. 

15 This last definition is a bit of a puzzle to us. We expected the linear term in the low frequency 
approximation to T)(uj) to contribute to the mass term in (|58| with the known thermal correction, 
as was verified in [35] for the case d = 4, but that would have led to 

m& = m"(l - CIO = - ^XT v /m"). 

There is presumably some slight error either in the results of |27j or in our interpretation of them, but, 
regrettably, we have not been able to find it. We should also note that the questionable quadratic 
temperature-dependence seen in the thermal mass shift deduced by us has a common origin with 
the quadratic dependence in the friction coefficient tj'q , which is definitely correct. 

16 We are grateful to Bo- Wen Xiao for pointing out that the numerical disagreement reported in 
vl of this paper on the arXiv is actually nonexistent. 
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according to 

t" = A^arcsinh ( M =) , z" = , Z . (59) 

\y/l - A*(z* - zl) J VTTA^l 

When evaluated at the string endpoint, the first relation tells us that t" agrees with 
the quark proper time ( !T9|) . as it should. So the time derivatives in (155]) or ( )58|) are 
connected to their inertial counterparts via d/dt" = \/T+ AH 2 d/dt. Next, at any 
given point (t, z) -B- (t", z") on the string worldsheet, we can perturb ( 1521) to conclude 
that 



^2 <y1 1 



^ = ^ — r v ' 2 v 2 m — ^ ± = v /i + ^^. (60) 

Evaluating at the string endpoint, this tells us how to relate the quark fluctuations 
5xi to 5x" . 

The only other element needed to complete the translation of fl55l) into the un- 
primed frame is the transformation rule for the forces, which can be obtained as 
follows. As we have done all along, let v and 7 denote the velocity and Lorentz factor 
of the quark undergoing the hyperbolic motion (Tl8|) . and F the corresponding external 
(d— l)-force, determined by (fTTj) . Our quark is subjected to this force in combination 
with the radiation-induced stochastic force / that we are now trying to determine, 
and as a result acquires a perturbed velocity v tot = v + Sv and corresponding Lorentz 
factor 7 tot . We will denote the associated <i-force by J-^ FT = 7tot(~ -ftot ■ ^tot> -^tot)- 
Knowing that 

-AdS _ ( dr C FT -,-CFT 



^=U^'°J (61) 

(where g?t cft and dr^s — (L/ z)drcFT respectively denote the CFT and AdS proper 
times) transforms as a (d + l)-vector, we can deduce that 

-77//CFT _ ux ttCFT ( R0 \ 

~ dx»» v ' [ ' 

Taylor-expanding this relation to first order in the perturbation, we find that 

/" = / , f»= y/1 + A 2 z 2 m Vl + AH" f ± . (63) 

Putting all of this together, we finally conclude that, in the original inertial frame, 
the radiation emitted by the quark induces quantum longitudinal and transverse 
fluctuations respectively obeying the differential equations 



and 
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with 

(/*(*)> = 0, (Mt)f j (s))=8 ij K i (t,s), (66) 
where we have defined 

ri"( A -1 arcsinh( At) — A _1 arcsinhM.s)) mA 2 t „. , 

. . A 2 sr/YA~Wcsinh(At) - A^arcsinWAs)) mA 2 (l - A¥) „ , 

^H^CTfl + A^)3/2 (1 + At*)' 

^ ^(A^arcsinh^t) - A^arcsinh(^)) | 

v / ^&( 1 +^ 2 ) {1+At) 

n(t,s) = /t // (A _1 arcsinh(At) — A _1 arcsinh(.(4s)) , 
K / '(yl~ 1 arcsinh(At) — A^arcsint^As)) 

= (1 + 3£j VTTA^VTTW ■ 

Notice that, in contrast with the transverse fluctuations, the longitudinal one does 
not evolve according to a generalized Langevin equation: there is in (j6l|) an additional 
dissipative force that depends (nonlocally) on 5x(t) itself. This distinction reflects 
the inherent anisotropy of the system in the inertial frame. 

When we analyze the trajectory at quark proper times larger than the effective 



quark Compton wavelength, At 3> z m j y 1 + A 2 z'? n , but over time intervals At smaller 
than the characteristic time A -1 set by the acceleration, the low-frequency approxi- 
mation of the previous subsection becomes appropriate, and the equations of motion 
again reduce to a local form, 



d 2 Sx , , ,.d5x,. . , , . .. V 1 + 4^m 2 /W ,„ r 



and 



d 2 5x ± d5x ± V 1 + 4^2 f±{t) 

™*-Mr<t) + vMt^it) = 7i = ah2 , (69) 



with m t h = mm" h /m" = m" h / ^/l + XA 2 /Aix 2 m 2 , 

(/*(*)) = , (fi(t)fj(s)) = 5(t - s) , (70) 
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where we have defined the time-dependent coefficients 



Vo(t) = 



Co(t) 



A 2 + AH 2 - mt 



A 2 t T 



XA 2 
Aiz 2 m 2 

2+2' 



A 2 + AH 2 A 2 t + m{l - AH 



:i + AH 2 ) 2 Jl + ^ 



2tt 2 



Ko(t) = ^AWl + AH 2 , (71) 



V±o(t) 



K± (t) 



A 2 (£(l + AH 2 ) + Jl + 1 ^mt 



{1 + A 2 t 2 fl 2 \ll 
V\ A 3 



XA 2 
4n 2 m< 



2- 2 (i + VTTah 2 



These equations (as well as their nonlocal progenitors) reveal interesting structure in 
the fluctuation/dissipation setup induced by gluonic radiation in our strongly-coupled 
CFT. The main feature is the prominent time dependence of the problem, which is 
of course expected in the unprimed frame but in stark contrast with the situation in 
the doubly primed frame, where the quark is exposed to a static thermal medium. 
For the inertial observer, the effects produced by the emitted gluonic radiation do 
evolve with time, and the system can at best be regarded as quasi-stationary if it is 
examined in the regime At A^ 1 . 

In more detail, the velocity and the rate at which energy and longitudinal mo- 
mentum are radiated by the quark follow from (118j) . (TL5l) and (1171) as 

At 



VI + AH 2 



dE rad 2 I- A 2 t 



A 2 11- , (72) 



dt \ U-K 2 m 2 



A 



A VI + AH 2 



^ - A 2 I M - A 

dt ~ A VTTW 1 ' (73J 



+ A 2 1 

which clearly approach a constant only at very late (or very early) times, \t\ ^> A~ x . 
In this limit, all of the dynamical coefficients ( 1711 are seen to vanish, except for the 
longitudinal force correlation coefficient Ko(t). The latter diverges, but does so at 
a rate that is too slow to give a finite contribution to the equation of motion ([65]) . 
which therefore becomes free. 
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It can be seen from (TTTT) that, as the external force on the quark increases from 
zero to its maximal value F ciit = m 2 /27r\/A (which would be strong enough to nu- 
cleate quark-antiquark pairs from the vacuum [TH] [E7J E]), the proper acceleration 
A covers the full range [0, oo). Nevertheless, the situation of main physical interest 
is ^/~\A/27rm < 1, corresponding to a heavy (and therefore close to pointlike) quark 
that is not too violently accelerated (i.e., a quark that does not change velocity sig- 
nificantly in a time period smaller than its Compton wavelength z m ). Inspection of 
(I7ip shows that under these circumstances Co always starts out positive around t — 0, 
becomes negative at a finite time and then asymptotically approaches zero from below 
as t — y oo. It is therefore particularly curious that the sign in front of the term linear 
Sx(t) in (168]) (and (IMjl ) turns out to be negative, because, when Co > (C > 0), this 
implies that the quark experiences a force that tends to push it further and further 
away from its average trajectory, instead of restoring it back towards equilibrium. 
Likewise, it is easy to see that r]o (as well as r/) generically becomes negative after a 
certain amount of time, implying that the effect of the emitted radiation is to speed 
up the longitudinal fluctuations of the quark instead of slowing them down. Of course, 
given that the equations of motion ( 16~4"]) -( 1TT]) have been obtained simply by translating 
flS5])-(EH]) to the inertial frame, the combined effect of all terms appearing in them 
cannot possibly lead to runaway behavior. 

We can similarly read off directly from [27] the expression for the displacement 
squared in the open Einstein frame and translate it to the inertial frame] 17 ! We will 
refrain from writing out the results here, since they are not particularly illuminating. 
It is easy to extract from them the ballistic behavior expected at small times, but the 
diffusive regime of the doubly primed frame is not accessible to the inertial observer 
within the quasi-stationary regime. 
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